Ford-Fulkerson Algorithm for
Maximum Flow

1. Assign an initial flow fj; (for instance, fj; =0) for
all edges

2.Label s by @. Mark the other vertices "unlabeled."

3. Find a labeled vertex 1 that has not yet been
scanned . Scani as follows

For every unlabeled adjacent vertex j, (a or b or ¢)
a) if C; > fj and  f;; >0

Ajj = Cij— fj;
if i=1
if i>1

compute and A; where

_JAjj
" {min(Ai, Aij)
Label j with a forward label (i", £ij)
b) if Ci> [fj| and f;<0 (opposite direction)
Aj =min (4;, [fj)
Label j with a backward label (i, A))
¢) if Cy=fj; No operation.

If no unlabeled j exists STOP.
4) Repeat step 3 until t is reached.
[This gives a flow augmenting path P: s —>¢ t]

If it is impossible to reach t then STOP.

5). Backtrack the path P, using the labels.

6)Using P, augment the existing flow by A,
Setf=f+ At,.

7) Remove all labels from vertices 2, ... , n.
Go to Step 3.

Example: Find the maximum flow from s to t in the
following graph.

Solution l) C12:20, C23:1 1, C36:13, C35:5, C14:10,
C45=7, Cs:=4, Cs6=3,
f1o=ts=f36=135=f14=f45=15,=156=0,

2) vertex 1 (s) is labeled @, 2,3,4,5,6 are unlabeled
3) Scan 1. i=1 ,Adjacent labels 2 and 4. [ j=2 and j=4]

C1,=20. f1,=0. (perform a)
For vertex j=2
A]z = C]z— f12 =20—0=20
A>=Ap =20.
L2={1", 20}
For vertex j=4
C14=20. f14=0. (perform a)
A14 = C14— f14 =10—0=10
As= A4 =10.
L4={1", 10}

Scan 2. i=2 ,Adjacent labels 1, 3 and 5. [ j=3 and j=5]
(j=1 is already labelled)

For vertex j=3

C23:1 1. f23 =(.
A23 :ng—f23: 11—0=11
Az =min (A;, Ap3) =min(20, 11) =11
L3={2" 11}

For vertex j=5, f,5 <0  (perform b)
As=min( Ay—| f5|)=min(20,0) =0

L5={2", 0}

Scan 3. i=3 ,Adjacent labels 2, 5and 6. [ j=6 ]
(=2 and j=5 are already labelled)

C36:13. f36 =0.

A36= C35—f36= 13—0=13
Ag=min (A3, Azg) = min(11, 13) =11
L6 ={3", 11}

Since vertex 6 ist
At=11

Now all vertices are all labeled
Find the path
L6={3", 11} >13={2", 11} > L2={1", 20} > L1
Thus one augmenting path is 1-2-3-6
Add A =11 to this path
f12(new) = f1201d) T At
fi,=0 +11
fr3=0+11=11
f3=0+11=11

Remove all the labels. Start scanning




1) C12=20, Cx=11, C36=13, C35=5, C14=10, C45=7,
C52:4, C56:3,
fio=ths=f6=11, f35=f14=f45=F5,=156=0,

2) vertex 1 (s) is labeled @, 2,3,4,5,6 are unlabeled

3) Scan 1. i=1 ,Adjacent labels 2 and 4. [ j=2 and j=4]
C1,=20. fj,=11. (perform a)
For vertex j=2
Ap=Cpp—1,=20—11=9
Ay = Aqp =9.
L2={1", 9}
For vertex j=4
C14:10. f14 =0.
A1y =Ci4—1t14=10—0=10
A4 = A14=10.
L4={1", 10}

Scan 2. i=2 , Adjacent labels 1, 3 and 5. [ j=3 and j=5]
(j=1 is already labelled)

For vertex j=3,
Cy=11. f)5=11. Cy3= 13 No action.
For vertex j=5, (reverse dir. perform b)
A5 = n’lll’l( A2 , |f25| ) = 1’1’111’1(9,0) =0
L5 ={2", 0}

Scan 3. i=3 not labeled no action.

Scan 4. i=4 No action Adjacent labels 1, 5.
[ j=1, j=5 are already labeled ]

Scan 5. i=5 Adjacent labels 2,3,6,4 [ j=3, j=6]
(j=2 j=4 are already labelled)
For vertex j=3  (reverse dir. perform b)

Az =min( As, |fs3] ) = min(0,0) =0

L3={5 ,0}
For vertex 6
C56:3. f56 =0.

A56=C55—f56=3—0=3
Ag=min (As, Asg) = min(0, 3) =0
L6={5", 0}

Since vertex 6 is t A¢=0

Now all vertices are all labeled
Find the path
L6={5,3}>L5={2",0} > L2={1",9}>L1
Thus one augmenting path is 1-2-5-6
Add A =0 to this path. (No change)

Remove all the labels. Start scanning
11,11

3) Scan 1. i=1
(from above) A;=Ajp=9. L2={1",9
Ay=Ag=7. L4={1", 7}

Scan 2: (change path)
Scan 4. i=4

(from above) As5=0, L5={4",10}

Scan 5. i=5
(from above) Ag=3, L6={5",3}

tisreached. Ag=A¢=3
L6={5,3}>L5={4,0} > L4={1",9}>L1
One augmenting path is 1-4-5-6
Add A¢ =3 to this path.

Remove all the labels. Start scanning
If we try paths
1,2,5,3,6 14536, 145,236
we will get  A¢=0
Result: We have reached maximum flow.



