Application of the residue theorem
Calculation of improper integrals

Example Problem AE-711

a)Calculate §4dz where C is the circle in upper left
vzt +1

half plane as in the figure.

It is assumed that the radius R is Very large.

b)Calculate the line integral § —dz if R is infinity
BOA 22 +1

c)Calculate the line integral I dx

x+l

Solution : a)The function f{z)=

has two singular
22 +1

points z=i and z=-i . The point z=i is inside the closed
curve ABQA. The residue at z=i is.
1 1

Res(z=i)=14 z—)————=—=-0.5]
G=0=lmE-DC =y

or Res(z=i)=]j ; i ! 1——051’

My M7y

Thus the integrat10n over the closed curve ABQB is

il; —dz =2mi(-0.51)=n
ABQAZ +

b)To calculate the line integral over the curve BQA replace

z=R ¢"’. R=constant. And dz=Rie" df
1 O=r 1 . jg

== | g Riedo= le—d‘9
BQAZ +1 goo (Re')” +1 oo (Re' )2 +1
Calculate the limit as R — o0

O=r . 0 O=r . i

R R
P L e
R 7 (Re'")” +1 oo R (Re’ ) +1
Rie'?

But Lim + =0, Thus

R (Re'?)? +1

O=r

- jo do=0

6=0

Result: if R =00 ;dz 0
Bo4 Z S|

C) § —dz = —dz+ —dz

4B0A Z | ABZ S| BoAZ |
Replace the values

1 1

= —dz+0 — —dz T

ABZ +1 ABZ +1

Integration over the line AB is a straight line integral
Set y=0, dy=0 we get
z=x+y=x+10=x, dz=dx+idy=dx
1 0
—dz =

2
gz +1

;dx:ﬂ

2
S xT+1

4dx
x +1
Solution: The solution is similar to problern AE-711.
Integration over the line BQA is zero. Thus

T [Remduesof f(z)

— dx=
Joxtal inside ABQA

Example Problem AE-712 Calculate j

§ —a’z—

ABOA Z 41

T

(i

z*+1=0 has four poles and two poles are inside the closed
curve ABQA. These two poles are in upper left half plane
as in the figure of problem AE-741.

iqx
—dx
x +1

Solution: The solution similar to problem AE-711.
Integration over BQA is zero. The function

zqz
f(2)=—
z2 +1

Has one residue inside the closed curve ABQA.
iqz iqz

Example Problem AE-713 Calculate I

e e

2z

=lim

z—i

Res(z=i)= hm(
§ e
2

4Bo4 2 T
Result

+00

J

e x?+1
Example Problem AE-714 Using the above results

iqz

=27(-0.5¢" ) =e"7

igx

dx=e‘n

Calculate '[ and J‘ sin qx

x + l x + l
Solution: ¢* = cos(gx) +i sin(gqx)

+o0 +o0 .
I = Cgsqxdx+ij Sl;qudx:e_qﬂ +01i
x + l oxT+1 SoxT 41
Then
'[ Ma’ =e 97 and j %x =0
x?+1 x° +1
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