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A set of balanced three-phase voltages consists of three sinusoidal voltages
that have identical amplitudes and frequencies but are out of phase with
each other by exactly 120°. Standard practice is to refer to the three phases
as a, b, and c, and to use the a-phase as the reference phase. The three
voltages are referred to as the a-phase voltage, the b-phase voltage, and

the c-phase voltage.

———

m The two basic connections of an

ideal three-phase source. (a) A
Y-connected source. (b) A
A -connected source.

Because the sum of the Phasor voltages is zero, the sum of the instantaneoys
voltages also is Zero, that is,

Va+Up + v, =0, (11.4)

b
C
C
(a) (b)
a
inding i : - source; and
SU-RRP:E A model of a three-phase source with winding impedance: (a) a Y-connected
i .
g (b) a A-connected source. - o
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CONDITIONS FOR A BALANCED THREE-PHASE CIRCUIT~

1. The voltage sources form a set of balanced three-phase voltages. In
Fig. 11.6, this means that Vi, Vi, and Vo, are a set of balancicl_

—_——

e ———

s | i l , "ZO
O __f'“\/c;") /\—I—lig’o — / Var’\"‘"'] R

2. T.he inlpedz{nce of each phase of the voltage source is the same. In
Fig. 11.6, this means that Logy =Zoh =7

i . g * = ; g{:‘
3. T?m 1mpndqnce of each line (or phase) conductor is the same. In
Fig. 11.6, this means that Lia= 2\, = Zi..

4. Tl?e impedance of each phase of the load is the same. In Fig. 11.6
this means that Z, = 2 = 7. | Sl

——

—

If the circuit in Fig. 11.6 is balanced, we may rewrite Eq. 11.5 as

z, : (11.6)

VN = 0. (11.7)

Za+Za+ Zg 74" (11.8)
IbB . vb"n - VN vbfn :

Zo+Zw+ Zg | Z, (11.9)
IcC = Vc;" _ VN V4::"'n

Zec+ Zy + Zoc Zy (11.10)
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HLIICRRRN Line-to-line and line-to-neutral
\Evoltages. [
Van = Vy 02, (11.15)
\/&N i \/@ /= { 20 ¥ M
Von = Ve /4120°, (11.17
¢
__V, represents the magnitude of the line-to-neutral voltage. . sy vnmen ﬁ_VBC
Vap =V, /0° -V, /=120° = v/3V, /30°, (11.18)
Vec = Vy £—120° -V, 120° = V3V, /—90°, (11.19)
Vea = Vp /120° -V /0° = 3V, /150°. (11.20)
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 EXAMPLE BN 11.1

A balanced three-phase Y-connected generator
with positive sequence has an impedance of 0.2 +
j0.5 Q/¢ and an internal voltage of 120 V/¢.
The generator feeds a balanced three-phase Y-
connected load having an impedance of 39 +
j28 Q/¢. The impedance of the line connecting
the generator to the load is 0.8+ j1.5 Q2/¢. The a-
phase internal voltage of the generator is specified
as the reference phasor.

a) Construct the a-phase equivalent circuit of the
system.

b) Calculate the three line currents I, 5, Iyg, and
Ic.

¢) Calculate the three phase voltages at the load,
VAN, VBN, and VCN-

d) Calculate the line voltages Vag, Vrc,and Vca
at the terminals of the load.

e) Calculate the phase voltages at the terminals
of the generator, Van, Vpn, and V.

f) Calculate the line voltages V,p, Vi, and Ve,
at the terminals of the generator.

5 o\\.)\—‘g\ o N

0,2 $30.5 = Zqa= tsb =%5¢C
A V!
fQovf_'.E an :;V b‘n} =|Vic /\‘
39 4)28 =2a=2n" e

0.9 + 3 A§ = Z,a=%t\b =21

a) Figure 11.10 shows the single-phase equivalent

—__cireuit.
—_—
a’ 020 J050Q ; 080 Jjl15Q A
*— "M\~ rYYY g
+ Ll“—"" +
aA ? 39 ﬂ
20OV Van Vixg
g j28
y>° N
7, W The singl’e'-phase equivalent circuit for
{9 Example 11.1. [

fcom AW figuce
b) The a-phase line current is

120 A°

02+08+39 + ;0511357 28)

_ 120 A

40+ 730
=24 /-3687° A.

Ioa

Ihg =2.4 /—156.87° A,
Lc =24 /8313° A.

AL oy e ke

o
\/Per - 3 2 -

' (2.4 f-26.8% (334223

Van = (39 + j28)(2.4 £ —36.87°)
=11522 /-119° v

I D A VMRl

BNt S

__-_'___‘—‘———._

S S

\V@,u :L\jﬁ,uk :\VCN\
4\)@,\; = L vaw — A1 0O

= L _NVpav X 1o

VBN = 11522 £-=121.19° v,
Ven =115.22 118.81° V.

——aat

d) Forapositive phase sequence, the line voltages
lead the phase voltages by 30°; thus

Vap = (v3 /30°)Van
= 199.58 /28.81° V,
VYec = 199.58 /—91.19° V,

Vca =199.58 /148.81° V.
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e) The phase voltage at the a terminal of the
source is (Siom LWe L0 ,gm)

an = 120 — (0.2 + j0.5)(2.4 /=36.87")
=120-1.29 /31.33°
= 118.90 — j0.67
=118.90 /-0.32° V.

For a positive phase sequence,

Vi, = 118.90 /—120.32° V,
. = 118.90 /119.68° V.

f) The line voltages at the source terminals are

Vb = (V3 309 Ve

— 205.94 /29.68° V,
Vi = 20594 /—90.32° V,
V., = 205.94 /149.68° V.

428

1. The magnitude of the line-to-line voltage is /3 times the magnitude

of the

line-to-neutral voltage.

2. The line-to-line voltages form a balanced three-phase set of voltages.
3. The set of line-to-line voltages leads the set of line-to-neutral voltages

by 30°.
r_,’—~—|r"'

—— " R ¢y i a e a

——— e e ———
= N

1.1 The voltage from A to N in a balanced

three-phase circuit is 240 /—30° V. If

the phase sequence is positive, what is
the value of Vgc?

ANSWER: 415.69 /—-120° V.
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11.3 The phase voltage at the terminals of a ANSWER: (a) Ao = 120 /—36.87° A, 4‘ 'Zj

balanced three-phase Y-connected load is I = 120 /83.13° A, and

2400 V. The load has an impedance of I.c =120 /—-156.87° A;

16 + j12 /¢ and is fed from a (b) Vap = 4275.02 /—28.38° V,
line having an impedance of Ve =4275.02 /91.62° V, and
0.10 + j0.80 Q2/¢. The Y-connected source at Vea = 4275.02 /—148.38° V;
the sending end of the line has a phase (¢) Voo, =2482.05 /1.93° V,
sequence of acb and an internal impedance of Vi, = 2482.05 /121.93° V, and
0.02 + j0.16 Q2/¢. Use the a-phase voltage at Voo = 2482.05 /—118.07° V.

the load as the reference and calculate (a)

the line currents I 5, Ivg, and I.c; (b) the

line voltages at the source, V,p, Vi, and Vea;

and (c) the internal phase-to-neutral voltages

at the source, V1, Viyn, and V. s S
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114 * Analysis of the Wye-Delta Circuit ’
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VA" %Y

\ood o\e,\t?
<owrfe Ww Y{
If the load in a three-phase circuit is connected in a delta, it can be trans- a’ a A
formed into a wye by using the delta-to-wye transformation discussed in a9 Zn—"
Section 9.6. When the load is balanced, the impedance of each leg of the e
wye is one third the impedance of each leg of the delta, or Van i Za
Zy = % (11.21) n N
A single-phase equivalent circuit.

which follows directly from Egs. 9.51-9.53. After the A load has been RELATIONSHIP BETWEEN THREE-PHASE
replaced by its Y equivalent, the a-phase can be modeled by the single- DELTA-CONNECTED AND WYE-CONNECTED IMPEDANCE
Phase equivalent circuit shown in Fig. 11.11. -

Iag = Iy L0° (11.22)

IBC et I¢ /_1200’ ; (1123)

Ica = I /120°. (11.24)

— rs;;{_gf\ﬂ({ J Casc.

I.a = IaB — Ica

:1¢£OO—]¢M

== _ =31, /=30°, (11.25)
Ing = Isc — IaB
Lc = Iy /—120° — I, /O°
- = /31, /—=150°, (11.26)

I.c =Ica — IBC

= I, /120° — I, /=120°
— V31, /90°. (11.27)

. e 5 L SR [ —




i EXAMPLE 11.2

R TR R L T SN T T £

The Y-connected source in Exam'lple .11.1.fceds a
A-connected load through a distribution line hav(;
ing an impedance of 0.3 + j0.9 /¢. The iloa

impedance is 118.5 + j85.8 2/¢. Use the a-phase
internal voltage of the generator as the reference.

a) Construct a single-phase equivalent circuit of
the three-phase system.

b) Calculate the line currents Ia, Ivp, and Lc.

¢) Calculate the phase voltages at the load termi-
nals.
d) Calculate the phase currents of the load.

e) Calculate the line voltages at the source termi-
nals.

SOLUTION

-—--_-—_

exomple (||

fcom

2.|Q_':- % [b:%‘c = 0-’5 ——\’._S O-j

Tr =z M8y +I8S. 3

a’ 020

050 5 030 090 A

120/0°V

The single-phase equivalent circuit
for Example 11.2.

a) Figure 11.14 shows the single-phase equivalent

circuit. The load impedance of the Y equiva-
lent is

118.5 + j85.8

= 39.5 + j28.6 Q/(b

e

A T . i bl . ® €
8 b

437

b) The a-phase line current is Cexomsle A1 J

o 120 20°
T 020373951 705705 +28.6)
120 A
. =24 /-36.87° A.
B 4 /—-3687° A
Hence

/- iy o
I =24 /-156.87° A, -)KIG‘- £ - PO )

Ic =24 /8313° A, (log -+ 170°)
¢) Because the load is A connected, the phase

voltages are the same as the line voltages. To
calculate the line voltages, we first calculate
V AN.

Van = (39.5+ j28.6)2.4 /—36.87°)
=117.04 /-0.96° V.

Because the phase s€quence is positive, the line
voltage V5 is

Vas = (V3 £30°) VAN
=202.72 » 29.04° V.

Therefore

VBc =202.72 /-90.96° V, | -‘4’.-‘? 5~ )

' |
Vea = 202.72 Z149.04° V. t@ At l-L.:U

d) The phase currents of the load may be calcu-
lated directly from the line currents:

1
I = —— 3 2 Ia
AB (ﬁ ﬂ_) A
=139 /—6.87° A.

Once we know IaB, we also know the other
load phase currents:

/ /
I =139 /-12687° A, |

Slagg —1L0 ]
ICA i 1.39 Z 113.130 A. :::1' .ff_q F T ,,3

Note that we can check the calculation of I,g

by using the previously calculated V45 and the
impedance of the A-connected load; that is,

-

R SRS
[ T iy

e

Vap  202.72 /29.04°
IAB = =

Z, 1185+ 858
=139 /-6.87° A.

e) To calculate the line voltage at the terminals of
the source, we first calculate Van. Figure 11.14
shows that V,, is the voltage drop across the
line impedance plus the Joad impedance, so

Van = (39.8 + j29.5)(2.4 /~36.87°)

=118.90 /-0.32° V.




The line voltage V,y, is

Vab — ('\/5 AQ_OO) Van:

or

Vab = 205.94 /29.68° V.

Therefore

Vbe =205.94 /—-90.32° V,
Vea =205.94 /149.68° V.

11.4 The current Ica in a balanced

three-phase A-connected load is

8 /=15° A. If the phase sequence is
positive, what is the value of I.c?

13.86 /—45° A.

ANSWER:

’

Tc c

11.6 The line voltage Vap at the terminals of

a balanced three-phase A-connected
load is 4160 /0° V. The line current

I,a is 69.28 /—10° A.

a) Calculate the per-phase impedanc?
of the load if the phase sequence 1s
positive,

b) Repeat (a) for a negative phase
sequence.

(a) 104 £=20° ; (b) 104 4+40° Q.

ANSWER:

—

B m oy
e ¢ e e

L — ———— 1 ma - R TE L Tem e

43

490

32 o
_ VAN ?_(fOO €. —
'-Zi L st .-_\!o
Y taa 63.2¢ ¢
~12. 0
-4y by g

-_j'z_a

2} %\‘/: ?3){39*5? =

V20
— loke

11.7 The line voltage at the terminals of a

balanced A-connected load is

110 V. Each phase of the load consists
of a 3.667 Q resistor in paralle] with a
2.75 Q inductive impedance. What is

the magnitude of the current in the line
feeding the load?

ANSWER: 36.60 A.

Vag |
| l VF\ nJ l = \.,.m...-.;
¥ 7
l{f\e \JO\"\OXC
Phase Wolloge — oo
V3
|to
\VﬁN-N = — = 63 SQ 0y
e
| > L= 3.663 =0 4¢
| U 5 b 2'5_&_346 ?.4-5‘,
EﬂNE KL? K 5 24y STFPre]
Ez L 346237 =2 5,
2T Vs gterast
22l 220 0 353
3 Y
' 53 590 __ é g ;
Vanw _ 59— rﬁ
{Iqﬁ$: Q‘T" — O }31 9




4373
11.5 *+ Power Calculations in Balanced Three-Phase .

Circuits —
_'_r'“*.:_ A
4
+
Average Power in a Balanced Wye Load
L ————— Za| Van
th B n VBN . B
T Zn N "
Zc| Ve
T C i
._ |
M A balanced Y load used to
introduce average power
Calculations in three-phase
circuits. .
Vo = IVaN| = IVBN| = |Venl, (11.31)
lp = [Laa| = |Ipg| = |Ic), (11.32)
and ’ "
% = bva — Oia = 0,8 — O;p = O,c - bic. (11.33)
Moreover, for a balanced system, the power delivered to each phase of the
load is the same, sO [ J /
Valug
= tm
PA — PB = PC == P¢, == Vq}].;g, COSQ@, (1134) @'}é J I p ) )
i P:—i—‘\ff{pj@ C{}SQ)
Where P, represents the average power per phase. [

The total avera

&€ power delivered to the balanced Y-
Is simply three time

connected load
s the power per phase, or

e

Vi and Iy represent the rms I{l_ﬂgﬂltUd!eS_ of the

line voltage and current
—=_ 7 tient

» Tespectively,
-' L 1' @
L\ ne Volt@ge — \)’;\ pkq 5C \/o\'\‘ 8¢

(11.36)

Or =39, =v3ur sin 6. (11.38)
s S My

Sp = Py + JQp = v, I, (11.40)
T =38y =By g, /5. (11.41)




a) Calculate the average power per phase deliv-
ered to the Y-connected load of Example 11.1.

b) Calculate the total average power delivered to
the load.

c) Calculate the total average power lost in the
line.

d) Calculate the total average power lost in the
generator.

e) Calculate the total number of magnetizing vars
absorbed by the load.

f) Calculate the total complex power delivered
by the source.

SOLUTION
=¥ DMP“E- ”4 A
' 0.1 J ol T
e M,_
” 10.5 O 3 A3 2 8
120 / o’ Vv ,
2§
\/q'«n
" N
\ O _ N

5
Vaw = Tap "((55 oLl )

= “S-r'zfl / _4'\5

a) From Example 11.1, V; = 11522 V, Iy =

2.4 A,and 6; = —-1.19 — (—36.87) = 35.68°.
Therefore

Py = (115.22)(2.4) cos 35.68°
= 224.64 W,

The power per phase may also be calculated
from IZRy, or

Py = (2.4)°(39) = 224.64 W,

A= - g pem e TR W -y ——

! g 1

EE T o T e

- g

3y

b) The total average power delivered to the load
is Pr = 3Py, = 673.92 W. We calculated the
line voltage in Example 11.1, so we may also
use Eq. 11.36: L

B S
V= [Vg | V3l =132 =
~ 199%.56

P’T _—_—_-@ Vi T{_ COSié

Pr = +/3(199.58) (2.4) cos 35.68°
=673.92 W

e

c) The total power lost in the line is
33" RL
Piine = 3(2.4)°(0.8) = 13.824 W.

d) The total internal power lost in the generator
IS

TR
1xT B3
Pgen = 3(2.4)°(0.2) = 3.456 W.

e) The total number of magnetizing vars ab-
sorbed by the load is

3 Vo 1L S$in @
Or = +/3(199.58)(2.4) sin 35.68°

= 483.84 VAR.

f) The total complex power associated with the

source 1s _
S Vox I

St = 385 = —3(120)(2.4) /36.87°
= —691.20 — j518.40 VA.

The minus sign indicates that the internal

power and magnetizing reactive power are be-
ing delivered to the circuit. We check this re-

sult by calculating the total and reactive power
absorbed by the circuit:

— 691.20 W (check),

0 = 483.84 4+ 3(2.4)*(1.5) + 3(2.4)%(0.5)
— 483.84 4 25.92 + 8.64
= 518.40 VAR (check).
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