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12.1 ¢ Definition of the Laplace Transform 31

The Laplace transform of a function is given by the expression

Lif@r= [ f@ear B
0

where the symbol £{f(#)} is read “the Laplace transform of f (1).”
The Laplace transform of f(¢) is also denoted F(s); that 1s,

F(s) = L{f (D)} (122)
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12.3 * The Impulse Function A%

11 s = —- o e

An impulse 1s a signal of infinite amplitude and zero dura-
tion. Such signals don’t exist in nature, but some circuit signals come very

close to approximating this definition, so we find a mathematical model of
animpulse useful. ~ " 7 o
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13.1 ¢ Circuit Elements in the s Domain

An Inﬂu;:'tﬁ_r' in the s Domain

Figure 13.2 shows an inductor carrying an initial current of I, amperes.

The time-domain equation that relates the terminal voltage to the terminal
current 1s

=L—,
v g (13.3)

The Laplace transform of Eq. 13.3 gives

V =L[sI ~i(0)]=sLI— Ll (13.4)

V+ LI | "4 Iy
s - — 4+ = 13.5
sL sl * S s

A Capacitor in the s Domain

An initially charged capacitor also has two s-domain equivalent circuits

Figure 13.6 shows a capacitor initially charged to V, volts. The terminal
current is

k),

b= s
i % (13.6)

Transforming Eq. 13.6 yields
I =Cl[sV —v(07)]

or

I = sCV —-CV,, (13.7)

T 4+ ¢V = s cv

. _l_)l-{-—‘@-. (13.8)
~ \sC §
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A Resistor in the s Domai
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The Step Response of a Parallel Circuit
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13.5 The dc current and voltage sources are
applied simultaneously to the circuit
shown. No energy is stored in the
circuit at the instant of application.

a) Derive the s-domain expressions for

Vi and V;.
b) For ¢ >0, derive the time-domain | ANSWER: (3) Vi = [5(s + 3))/[s(s +0.5)(s +2)],
expressmn_s for N and V2. Vz s [2‘5(52 6)]/[3(5 + 0*5)(5 4 2)];
C) Calculate v (O"') and v2(0+) (b) i = (15 — _SS_OE—O.SI 1 %e—Zr)u(t) V,
d) Compute the steady-state values of v = (15 - 12—53“0-5' + %S—e'"z" () V;
y; and vy. (c) (01 =0, »(0T) =25V,

@_ V=0 = 15 V.
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0 Know how to analyze a clrcult In the s domam and he ahle to transform an s domain solution to the time domam

134 The energy stored in the c1rcmt‘ sho?m 4 X 480 4H Bl
1S zero at the ttme when the switch is v WA L
closed. t=0
-
a) Find the s-domain expression for /. 160V D T~025F
b) Find the time-domain expression for |
! when t > 0. ~ B

¢) Find the s-domain expression for
V.

d) Find the time-domain expression for
v when ¢ > (.

ANSWER: (a) 7 = 40/(s* + 1.25 + 1):
(b) i = (500 sin 0.81)u(t) A:
(c) V =160s/(s* 4+ 1.25 + 1):
(d) v = [200e%% cos(0.8¢ + 36.87°)u(t) V.

~ NOTE o Also try Chapter Problems 13.15 and 13.16.
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Use of Thévenin’s Equivalent 385

Calelate  Thevenin <auivaleat of the Lollowing
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13.8 The energy stored in the circuit shown ( 7 Q) - _\/ - A
is zero at the instant the two sources _ Y —
are turned on. | 20u(s) J_ Su(t)
u
a) Find the component of v for ¢ >0 v 125H) v ~~50mF r
owing to the voltage source. _ I
b) Find the component of v for ¢ > 0 \ . 5 _ y
owing to the current source. e S S
c¢) Find the expression for v when
t > 0.
ANSWER: (a) [(100/3)e% — (100/3)e¥]u(r) V;
(b) [(50/3)e™% — (50/3)e *]ut) V;
(c) [50e~% — 50e~*]u(r) V.
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13.4 ¢ The Transfer Function Y -

Y (s) (13.93)
X(s)’

H(s) =

_ Y(s) is the Laplace transform of the O‘lltpl}'"[_s_i%lilil_,m and X _(S)lsthe

Laplace transform of 'fh_ea___i;}pEt Signal. NI ooree

. .-
_I_... n \j_.[_.-
Ve 1/ C-l— A H(s) = 4 o 1/sC - 1
sCsV = \/3 , . V,  R+sL+1/sC  s?LC+ RCs+1
. _— . 4 k
The voltage source vg drives the circuit shown In 1000 O
Fig. 13.31. The response signal1s the voltage across AN *- :
the capacitor, Vo- 250 Q)
¥ ~1puF v
’Ug _ ~T 1 H {)
a) Calculate the sumerical expression for the 50 mH -
transfer function. & PS
b) Calculate the numerical values for the poles M The circuit for Example 13.1.
and zZeros of the transfel_' f}lnCtloll_ e s smmems <= REAREETCE L L A B s
soLUTIO fd
1000 ) X
b, . b) The poles of H(s) are the roots of the denom-
250 () i inator polynomial. Therefore
V, Th I W
§
0.05s ~ —p1 = ~3000 — 4000,
& ® .
e [ ———— —p2 = —3000 + j74000.
S_ e I 7 -t 1 L = \» The zeros of H(s) are the roots of the numer-
J vV g ator polynomial; thus H(s) has a zero at
s V VoS :
Vﬂ Vv 1 o 1. _1_?0_6 -
1000 250 + 0 OSS e —]1 — —Smo
\
! ! - 4 c" » \_'./_2.- = O
ol— ross 0% 100D
gvlole 250 + 0,0 J |
z. Po\tj - Denominatar ools
l
Va e ———
\/a g | S 2‘6(95:- \\A UMQFQ":Ur FOQ‘&J
10 4 — . T
1000 25040055 08
1000(s + 5000) V,
Vo

— §2 4+ 6000s + 25 x 106"

Hence the transfer function 1s

Vo

H(S) = T/_
g

- 1000(s + 5000)
= 32 + 60005 + 25 x 108
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13.9 a) Derive the numerical expression for o
the transfer function V, /I, for the 20 *
CII:Clllt shown. | | i (4 —T01F v
b) Give the numerical value of each 1H
pole and zero of H(s). ;
, 3 /

ANSWER: (a) H(s) = 10(s + 2)/(s* + 25 + 10); -
| (b) —p1=-1+j3, —p» = -1 -3, P —
-7 = =2. e e T

——— - —
—_—— - ——

—r— — ——

) — P
13 =T Vo = Vo= 219
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\/ [—-\-CS) .._VO _
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13.7 ¢ The Transfer Function and the Steady-State
§i_r!qsoidal Response

.

<y 1 HG) t 90d)
X(£)= A Cos(wt+p) G4(£) = A |BOw)| Cos(wt +¢ 4 Q(w)l
O(wy =/ nw)
E)(D‘N\P\(- Pro blemwn: | ”: .S—H _
. X H(S)m vy X(t)= § cos 3+ -.3&{:?
Solution _
J3
Wity 25 E_ti_ — H(3W):3w+4 Ww=3 -3 HlOw)= + 1
\H()w) ::\H(JS){ - \/314{ 47_: -
Ww="7 31—}11

-'II.-ﬂ_-- ..
T T | iy il e P el e e e P S e
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The circuit from Example 13.1isshownin Fg.13.46. i ' \
The sinusoidal source voltage is 120 cos(5000¢ + 1000 €}

. . .
30°) V. Find the steady-state expression for v,. 250 Q) +

| Vg 1~ 1 uF v,
SOLUTION 50 mH
&

From Example 13.1, | ’
1000 + 5000) . e LA e
H(s) = — :
s2 + 60005 + 25 * 106
The frequency of the voltage source is 5000 rad/s:
hence we evaluate H(s) at H(;j5000): Then, from Eq. 13.120,
A0 = =53 101*50302332(20&())00)25 108 120)+/2
—25 * j + 25 x 20)4/2
_ Vp,, = ! 6) cos(5000¢ + 30° — 45°)

1+j1 1—j1 42
= ——— = = — /_45°,
J6 6 6 = 20+/2 cos(5000¢ — 15°) V.
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