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LAPLAS DONUSUMU

Zamanla degisen bir f(t) fonksiyonunun Laplas dontusumu

F(s) = / f(te 'dt s>0
0

lle elde edilir ve gosterimi: L{f(t)}

Diferansivel denklemlerin Coztiminde Laplace donustmu

L‘l
[hferansivel Denklem ' o Cebirsel denklem
t - tamm balges s tanim bSlzesi
&
1
1
! . . [ -
! Cebirsel denfflemin € oamimn
1
I
1
1
L L
1 o
: s-tamm bSlgeminds

t-tamm bolgesinde
COZIm o




Laplas donusumu, diferansiyel denklemlerin cebirsel
iIfadelere donusturulerek cozumlerinin kolayca elde
eldilmesi amciyla kullanihr.

Teorem: Laplace donusumu lineer bir donusumdur.

Ispat: Bu donusumun lineer olamsi icin linner olma
sartlarini saglamasi gerekir;

1) L(f+9) = L£(f) + £(g)

2) L(cf)=c(f)

f | (f(t)+g(t))e ='dt = / f(t)e =t dt+ / g(t)e *dt
0 0 0

= F(s)+G(s)




/- cf()e dt = LT/- f(He dt = cL(f(t))
0 0

Lineer olmanin her iki sartini da sagladigi icin Laplas dontusumu
lineer bir dontsumdur.

Bazi Onemli Fonksiyvonlarin Laplas Donusumleri

Ornek: f(t) =1 Ise f(t) nin Laplas donusumi nedir? F(s) =7

o0 R R 1
_a . . _ e "t —1
le™*'dt = lim e~ tdt = |im = —




Ornek: e2tf(t) nin Laplas dontusimu nedir? L(e* f(t)) =7

(Bu ifadeye ustel dteleme de adi verilir.)

f,(Eatf(t}} _/ Eatf(f)f“_“qtdf _/ ‘f(t)‘;(a—s]fdt :/ f(f)E_(S_ﬂjtf_’Ef.
0 0 O

Savet s1 1= s — a sabit donusumu vyapilirsa

- / f(t)e tar = F(s1) = F(s — a)
0

Sonuc: Eger eatf(t) nin Laplas donusiumuni bulmak istiyvorsak
f(t)’'nin Laplas donusimunid alip s verine s-a yazmak veterli olur.

Ornek: et nin Laplas déniisiimi nedir?

L(e®)= L(e™ 1 = L£(1)

s.=5—n




Ornek: e@+ibt nin Laplas doniisimii nedir?

L:(E(Q_Hb)tj — ﬁ(E(a—I—JEﬂt - 1)= L(1) 1

si=s—(a+3b) =

s — (a+jb)

Ornek: cos(at) nin Laplas déniisiimi nedir?

E_;.?-m‘ _}_ E—jm‘

2

Cos(at)’nin euler donisumu: cosat =

.{:(CDS (1-f): L (Ejﬂj —ZE_LMf) — % [L':(E"mt) + E’(E_Jﬂt)}

\/
-

L(cosat) = % { L L } -

— . — 1T 5
s—ja s+ ja s? + a?

Benzer sekilde sin(at)’nin Laplas donusumiu:




Adi Diferansivel Denklemlerin Fonksivonlarin
Laplas D6nusumleri ve Cozumleri

y' 4+ Ay + By = u(t)
seklinde sabit katsayili adi diferansiyvel denklemlerin y(0) = o
ve y'(0) = y{j ilk kosullart altinda cozumleri Laplace donusumil

ile kolaylikla yapilabilir. Bunun icin oncelikle y(t) £, Yi(s) ile
Y(s) = iH seklinde hesaplanir. Daha sonrada

Y(s) Z5 y(t)

bulunur. Burada y(t) nin tirevleri mevcut oldugundan tlurev ve
integral islemlerinin Laplace donusumlerini oncelikle irdelemeliyiz.




L{f'()} = / e (H)dt
0

Kis. tlrev. ayirma=(Turev alma,integral al) —/ (Her ikisinide yap)
0

— e T f ()Y —/ —se ' f(t)dt
0

=0— f(0) + a/ f®e™dt = sF(s) — £(0)
0

| S —
F(s)
Ornek: - - - AP
" 2 _ 454 5 Ifadesinin ters Laplas dondsuminu
bulunuz.

1 1
L1 — 1
{52—4S+5} - {(5—2}2+1}




-1 1 _ Bizim 6rnegimizde s’in yerini s-2
' 211 " t=F(s)  almistir. O halde fonksiyonumuz
| F(s-2) dir.( a = 2)
L(e"f(t)) = F(s —a)

Bir fonksiyonu zaman ekseni tUzerinde kaydirirsak, o fonksiyonun
otelenmis halini elde ederiz.

Fonkisyonlarin negatif bélgedeki degisimleri bilinmiyor olabilir.

ylt)
o) _/ \ /

y(t) = f(t) t




Bu durumda f(t) fonksiyonunu pozitif zaman ekseni tzerinde c
kadar kaydirdigimizda f(t)’'nin negatif zaman ekseni tGzerinde
c kadar davranisina ihtiyacimiz ortaya cikar.

Bu kismi bilmedigimiz icin kaydirilimis fonksiyonun ilk ¢ birimlik
saresi sifir olmalidir.

Dolayisyla bunu olusturabilmek icin f(t) fonksiyonu c kadar
Otelenmis birim basamak fonksiyonu ile carpmamiz gerekir.

y(t)
A

F0)]----- - / m\_,/

w(t)

L)

y(t) = ut)f(t —c)




Teorem: CL{u(t)f(t—c)} =e “L{f({)} = e “F(s)

Ispat:

e

LAu(t)f(t—ec)} = / e u () f(t — c)dt = / e St f(t — c)dt
0

Burada ¢ ;= t—c donusumuntu yaparsak islemlerimiz kolaylasacaktir,
soyle Ki:

/ e~ f(t—c)dt = / e T F(Ode = e / e f(Q)de = e F ()
c 0 0

ornek: p(s) = =<~ fadesinin ters Laplas déniisuimunii bulunuz.

cHF(s) ==} =7

. 1 _ E_ES 1 L E—ES
c l{m)_ - }—;:,1{_2}—1! 1{ - }—f—uz(f)(f—z)

[t 0<t<?2




NOT: O — « arasinda tanimlanmis sint fonksiyonunu ele alalim.
Bu fonksiyonu /2 kadar zaman ekseninde saga dogru
itelersek, Laplas degeri:

£osint} — L{ugzmsin(t —w/2)}

£isint} — £{sin(t —7/2)} Degildir.

Ornek: sint 0 /4
/

(1) = {Sil’] t + cos(t —w/4)

Ifadesinin Laplas donisuimuni bulunuz.

t<
i .";. 4

¢

<
=

C{f(t)y= L{sint}~+ L{u, (1) cos(t —w/4)}

4 S 14 se /4
s2+1 s2 41 s2+1




Sicramali_Fonksiyonlarin Laplas Donusumleri

y(t)
A
| . 0 t<e
s S ue(t) = |
5 | =
_: -
¢ t
y(t)
A
1 . o
: .!?'llll.ill.ll — 1 T EII':III.r.'I
—
c f




Ornek: h(t) = ux(t)—u2-(t) t>=0 Fonksiyonunu giziniz.

0

Ornek: c£{u.(t)} =7

N & &) .
s e
LC{u(t)} —/ E_Sfu,_n(f)dt"/ e Stdt = —, s>0
0 c :




Ornek: tn ifadesinin Laplas dontisumiini bulunuz.  L£{t"} =7

-
i —at | =< E—Sf
the~stdt = t"—— —f nt" 1 dt
— S5
0 —= 1o 0

f_nt_:—sf f_n 1
lim =—" =0
f— o —5 er —5

Dikkat edilecek olursa t sonsuza giderken son kesirli ifadenin payi
ve paydasi sonsuza gitmektedir. Bu durumda L’hospital kurali
uygulanirsa kesirli ifadenin pay! n adimda sifira giderken payda

sabit kalmaktadir. Sonuc sifir olur.

5 TN
n n o, _
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Ters Laplas Donusumileri

;;‘_1(1?(5}} = f(t)seklinde sembolize edilir. Kismi kesirlere
ayirma yontemi kullanilir, boylece karmasik
Ifadeler sadelestirilerek Laplas donusimiu
bilinen ifadeler haline donustarular.

Ornek: 1 ifadesinin ters Laplas déntsimuni bulunuz.

£t { s[s—1|—3j' } =7

1 1/3 , —1/3
—— L + ! : : TET ..
s(s +3) s To+3 Ternmlerin ayri ayr ters donusumlerini

alacak olursak;




B . 24541 : .. T T
rnek: ifadesinin ters Laplas donusimunt bulunuz.

G+ 17— 1)
-1 s2+s+1 _ -
(s+1)*(s — 1) |

s+s+1 —1f""2_+ A N 3/4
(s+12*(s-1) " (s+1)2 (s+1)  (s—1)

Esitligin her iki tarafi s in batin degerleri icin esit ise s=0 icinde
esittir. Bu durumda;

1 3 .
—1=——4+A4 - — |.'—1:1f4|
2+ 4

sf4+s+1 —1/2 n 1/4 n 3/4
(s+1(s-1) (s+1)? (s+1) (s-1)

g2 5 - —
pr) St — _0.5te”! + 0.25¢ 7 + 0.75¢!
(s+1)2(s—1)




= . 3s+2 . . e e e
brnek- ifadesinin ters Laplas donisimund bulunuz.

s2+ 42 + 20
;:,—1{ 3542 }:?
2+ 42+ 20

F(s) = 3s+ 2 — 3 s+ 2 B 4
VT G244 T (5+22+42 (s+2)2+42

Ters Laplas D6nusumiu
= 3e 2'cos4t — 4e “'sin4t

Hatirlama: acosrf 4+ bsinrf = ccos(rf — ¢)

f(t) = e *[3cos 4t — 4sin 4]

= e 2. 5. cos(4t + tan"1(4/3))

N0,

a




Yuksek Mertebeden Turevlerin Hesaplanmasi

C{f" ()} =7

()= [f'(1)]  seklinde yazilabilir.

c{f'(®)) = sL{f' @&} - (o)
= s[sF(s) — f(0)] - f(0)

= SF@) -sf@) - ST0)=0

=5°F(s) f(0)=0

e




Darbe (impuls) Fonksivonu

Darbe fonksiyonu sistemelerin davraniglari hakkinda bilgi
edinmek icin kullanihr.

Darbe fonksiyonu, kuvvetin, gerilimin veya benzer fonksiyonlarin
sisteme cok kisa sure icersinde cok blyuk degerler alacak sekilde
uygulanmasi ile olusturulur.

Istaka ile bilardo topuna vurmak buna ornek olabilir. Bu vurus
sonrasi topun dinamik davranigi, ilk degerleri sifir kabul edilen
bir sistemin darbe yaniti seklinde ele alinabilir.

Futbolda ise verilen bir pasa veya ortaya sut cekilmesi, vole
vurulmasi sonrasi topun dinamik davranisi, ilk degerleri sifir
olmayan bir sistemin darbe yaniti seklinde ele alinabilir.




ay” + by' + ey = u(t)

formunda diferansivel denklemler dogurur. Iste burada w(t) darbe
seklinde bir fonksiyvondur ve to—7 < t < to+7 araliginda cok blyuk

degerler alan ama diger tum zaman diliminde sifir degerini alan
bir fonksivondur. Simdi

to+T
I(r) & f w(t)dt

a—T

seklinde birintegral tanmimlayvalim. Aciktir ki to — 7 <t < to+ 7
araliginin disinda «(t) = 0 oldugundan

I(r) & /1 u(t)dt

yazilabilir. Bu integral aslinda darbenin blyikligl hakkinda bir
metrik tanimlar. Ornedin mekanik bir sistemde w(t) bir kuvvet

fonksiyonu ise, I(7), to — 7 < t < tg + 7 aralifinda toplam kuvvet
darbesi olarak adlandirilir.




Simdi ©zel bir durum olarak to = 0 kabul edelim ve u(t) isaretini
su sekilde tanimlayalim:

1

5= T < t < T
u(t) = d-(t) =

0 t< —7TVveyat =T,

Burada r cok kiiciik pozitif bir sabit olsun. Ilgili durum Sekilde
gosterilmektedir.

y = d.[t]
}

1
27

: i P
& i =
-

—

*-'.r = d.(t) grahgi |




1—0’ giderken, grafik: S :

y = d(t) gratigi T — 0

Aciktir ki bu durumda = nun degeri sifirdan farkh olacak sekilde
ne olursa olsun, I(7) = 1 olur. Simdi v yu giderek kiiciltelim.
Bu durumda aciktir Ki ]

IimI(r) =1

r—0

olur. Iste bu bizi ideal duruma gotiiriir. O da tam ¢t = 0 da genligi
bire esit olan ama diger tim zaman diliminde degeri sifira esit olan
bir fonksiyvondur. Iste bu fonksiyona birim darbe fonksiyonu
(unit impulse response) adi verilir. Biz ©zel olarak birim darbe
fonksivonunu 4(t) ile sembolize edecegiz. O halde 4(¢) icin su

ozellikler yazilabilir:




4(t) =0, t = 0,

/I- Ié{t}dt = 1.

Bu delta fonksiyonuna Dirac* fonksionu da adi verilir.

*Paul A.M. Dirac (1902-1984), Ingiliz matematikci ve
fizikcisi, 1933 senesinde Nobel odila aldi.(Kuantum mekanigi
lizerindeki calismalart nedeniyle.)

a(t), t = 0 icin tanimlanmis bir fonskiyondur. Ancak herhangi bir
to noktasi icinde dtelenmis olarak &(t—tg) seklinde de tanimlanabilir.
Bu durumda czellikleri

5(t —tg) = 0, t # to,

/ 6(t — to)dt = 1.




Simdi 46(t) fonksiyonunun Laplace donistimiinit bulmaya calisalim:
Aciktirki

LIo(t —tg) b= lim L{d.(t —1g)}. yazilabilir.
r—>0

= Iim/ e td (t — tg)dt
0

T—

to471
= Iim/ e S d (t — to)dt
to

T—{
—T

1 v 1 R

= lim — E!_Sttff'- =

r—0 27T —— 28T

t—=to—T

— |lm LE_SEG{:EST . E—sr:}
r—0 257

~sinh st _
= Iim g Sto
T—0 ST

Ancak 7 — 0, (sinhst/s7) tamimsizdir. Bu durumda limit ancak
L'Hospital kurall ile bulunabilir. Bu durumda




. sinhsT _, ~ scosh st
lim — % = |lim =R

r—0 8T r—0 8

Bu duruda aciktirkli

Ozel olarak t; = 0 kabul edilirse

Oornek: " (¢) + 5y/(t) + 4y(t) = u(t)

seklide yanimlanmis bir sistem icin w(t) = 2¢ %' ¢ > 0 seklinde
bir giris olsun. Sayet y(0) = 0 ve y'(0) = 0 ise sistem yamiti y(t)
ne olur?

elde aedilir.

2
s+ 2

Y (s)+ 5sY (s+ 4Y (s) =




2 _ 1 n 2/3 n 1/3
(s+2)(s+1)(s+4) (s+2) (s+1) (s+4)

Yi(s) =

elde edilir. Bu durumda

y(t) = —e "+ 2/3 "+ 1/3e™H t>0

seklide hesaplanir.
Perivodik Fonksiyonlarin Laplas Donudsumleri

Tamm (Periodik Fonksiyon:) Bir f(t) fonksiyonu
fE+7T)=f(t)

vt icin ise bu f(t) fonksivonu T = 0 periodiktir denir. Periodik
bir fonksiyonu tanimlamak icin genellikle pencereleme tektigi kul-
lanihir, soyleki:

(f(t), 0<t<T,
fr(t) = f(t)[1 —up(t)] = 4

LD, aksli durumlarda.




Burada fr(t) pencerelenmis fonksiyonu gostermektedir. fr(t) nin
Laplace donusumi ise

0 T
Fr(s) = f e S fr(t)dt = f e £(t)dt
0 0

Pencerelenmis yukaridaki fonksiyon ilk T sure icin tanmlanmistir.

Bu fonksiyonun k periyot kadar saga otelenmesi durumunda pencere-
lenmis fonksiyon

F(t—kT), KT <t< (k+ 1)T

fr(t — ET)upr(t) =
0, aksi durumlarda.

seklinde tanimlanabilir. Bu durumda [0, nT] sliresi icinde dtelenmis
fonksiyonlarin toplanmasi f,r seklinde gosterilebilir:

n—1
fr()) =) fr(t — kT)ukr(2).
k=0




frit)
) N\
T 2T (n—1)T nl’

Bu durumda fonksiyonun timi

F(E) = frt — nT)unr(t)

n=10

seklinde gosteriebilir.




Teorem f, [0,T] arahdinda parcal siirekli, T periyodik bir fonksiyon
olsun. Bu durumda

T
Fr(s e~sT f(t)dt
clf(t)) = 12 = f”l — T

Ispat: Biliyoruz ki
C{fr(t — kT ugr(t)} = e T2 L{ ()} = e eFp(s)

seklinde vazilabilir. Diger taraftan Laplace donusumunun lineer
olusundan dolavyi,

T n—1
Far(s) = / e S f(t)dt = Z C{fr(t — KT )wr () }
© k=0

n—1 n—1 . 1 — (E—ST)H
— Z e_kTSFT(E) = Frp(s) ; (E_ST) = Fr(s) 1 _ =1
k=0 i

Burada sT > 0 oldugu diisiinilirse e=I' < 1 olur. Bu durumda




1 —(e=")"  Fr(s)
1—esT 1—e=T

nl’
F(s) = lim f T f(£)dt = lim Fp(s)
]

N— —

Ornek: Asagidaki sekildeki fonksiyonun Laplas dontsumuant
bulunuz.

U

I

3

t, O<it <1,
F(t) =<

0, 1<t<?2

L

Sekildeki fonksiyonun periyodu 2 dir, T=2.




2 1 1 _ e % _—
Fr(s) = / E_Stf(f)di = f e 2' S
C 0 S

]_ — E_S L__:—s

F(s) = —
() s2(1 —e25)  s(1 —e2s)

OrnekZAgagldaki fonksiyonun ters Laplas dontistimunu hesaplayiniz
1l —e™*

s(1 — e—<s)
Cozum: Aciktirki paydada bulunan (1 —e2%) seklindeki terim bu

ifadenin periyvodik, hatta perivodununda T = 2 oldugunu ortaya
koymaktadir. Bu durumda

F(s) =

1] — e ¢ 1 e
=

Fr(s) = =

¥}




—1q 1 1€ "
L 1{:}» =1 ve £ - } = u1(t) oldugundan
1, 0<t<l,
f@t) = elde edilir.
0, 1<t<?

Son deger teoremi Bu teorem bir fonksiyvonun kararh hal degerinin
s-tanim bolgesinde hesaplanmasinda kullanilir. Sayet sY (s)'in
tum kutuplarn s-dizleminin solunda ise

lim y(t) = lim sY (s)
s—0

I— O
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Kontrol sistemlerinin analizinde ve tasariminda en énemli
noktalardan bir tanesi sistemlerin matematiksel ifade
edilmesidir.

Transfer fonksiyonu metodu ve durum degiskenleri metodu en
cok kullanilan modelleme yontemileridir.( Transfer fonksiyonu
metodu sadece lineer sistemlere uygulanabilir.)

26 February 2007 Otomatik Kontrol
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Transfer Fonksivonu:

Baslangic kosullari sifir kabul edilerek bir sistemin cevap
fonksiyunu (cikisi) ile sturiuct fonksiyonu (giris) arasindaki
Laplas transformasyonlari oranina transfer fonksiyonu denir.

Transfer fonksiyonu sistemin dinamik karakteristiklerini tanimlar.
Sistem 0Ozelligidir. Sistemin fiziksel yapisi hakkinda bilgi vermez,
farkh fiziksel sistemlerin transfer fonksiyonlari ayni olabilir.

R(s) (b,,s™+ b, 15" 1+ ..+ by) C(s)

- -

(@,s” =+ an—lgn_l Tt a)

C(s) G(s) = (b s™+b_s"+....... b,)
R(s) (a,s"+b " +...... a,)

26 February 2007 Otomatik Kontrol 3
Prof.Dr.Galip Cansever




. dx
Ornek: d_+ 2X = r(t) icin transfer fonksiyonunu olusturunuz.
t

Baslangic kosullarint O kabul ederek iki tarafin Laplas dontstimunu
alalim:

sX(s)+2X(s)=R(s)

X (S 1
G (S) — Q —
R(S) S+ 2
26 February 2007 Otomatik Kontrol 4
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Elektriksel Sistemlerin Transfer Fonksiyvonlari

Elektriksel sistemlerin modellenmesinde linneer ve pasif U¢ devre
elemani yaygin olarak kullanilir.

Direnc, Endiktans ve Kapasitans

L[ (1 l l
‘{e W) = E[O i(rydr i(t)=C % W) = Eq(z‘) o Cs
Capacitor
_/\/\/\/_ s oo o dg(t) I
Wt) = Ri(t) i(f) = =w(1) Wt) = R— R —=(
Resistor k o k
_[O_OW_ W) = L@ i(f) = l[fv(fr)affr W) = L@ Ls —
Inductor U Lly d Ls

Note: The followmg set of symbols and units 15 used throughout this book: w(t) = V (volts), i(f) = A (amps),
¢(f) = Q (coulombs), C = F (farads), R = () (ohms), G = U (mhos), L = H (henries).

26 February 2007 Otomatik Kontrol
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Kapasitor icin:

V(s):él(s)

Direnc icin:

V (s) =RI(s)

EndUktor icin:
V (s) = Lsl(s)

Transfer fonksiyonu tanimlayacak olursak:
V(s) _

Z(s)
1(s)

26 February 2007 Otomatik Kontrol
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Elektriksel devrelerin matematiksel modellenmesinde Kirsof
yasalarindan faydalanilir:

Bir kapali cevrimde gerilimlerin toplami sifirdir.

Bir noktaya gelen ve noktadan cikan akimlarin toplami
sifirdir.

Bu iliskiler kurulduktan sonra devre icin diferansiyel denklemler
yazilir. Daha sonra Laplas donusumu yapilir ve transfer
fonksiyonu elde edilir.
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Ornek: Asagidaki devrede kapasitér geri

limi V_(s) ve girig gerilimi

V(s) yi ilisklendiren transfer fonksiyonunu yaziniz.

L R

V(1) C == ve(®)

i(f)

Kontrol tasarimcisi ilk dnce giris ve cikisi
bu 6rnekte giris ve cikis bize verilmistir.

gerilimi cikis ise kapasitor gerilimi, V_(t).

26 February 2007 Otomatik Kontrol
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belirlemelidir. Ancak
Giris ugulanan V(t)




1. Yontem Kirsof Gerilimler Yasasi:

Ri(t) + L d;(tt) " é j;i(z')dz' —v(z)

Baslangic kosullarini sifir kabul ederek Laplas donusumuani
yapalim:

RI(s)+ Lsl(s) +i | (s) =V (s)
Cs

Denklemi duzenleyecek olursak:

V(s)=(R+ Ls+i)l(s)
Cs

Dikkat edilecek olursa uygulanan gerilim; cevrimdeki devre
elemanlarinin empedanslari toplami carpi devre akimidir.
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V (s)

1(5) = 1
(R+LS+Ef)
Vi(s) | S
v (s) i elde etmeye ca |§iyoruz.
V. (s)=—1I(s
:(S) Ce (s)
1 V(s) V.(s) 1 1
VC (S) — C 1 — 5
S(R+Ls+ =) V(s) GCs (RCS-I— LCs +1)
Cs Cs
1
Ve(s) _ LC
V() o R, L
L LC
26 February 2007 Otomatik Kontrol 10
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|
7 (s) T Ve (s)
-
2 4 E + _1
A} I S IC

Aslinda devreyi c6zmeye baslamadan devre elemanlarinin devre
Uzerinde empedans degerlerini yazabiliriz.

26 February 2007
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2. YOontem Kirsof AKimlar Yasasi:

Bir noktadan cikan akimlari pozitif, noktaya gelen akimlari
negatif kabul edecegiz.

Bizim devremizde akimlar; kapasitor icinden gecen akim ve seri
bagl direnc ve endiuktorden gecen akimdir.

000 Ve(S) , Ve 2V () _
) 1 R+Ls
+
V(s) @) é = V) Cs
1(s) COzecek olursak:

1
Ve(s) _ LC

V() gy Rep 1

LC

26 February 2007 Otomatik Kontrol 12
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3. Yontem Gerilim Boluci:

Kapasitor uclarindaki gerilim uygulanan gerilimin bir kismidir.
Dolayisiyla kapasitor empedansini toplam empedansa bolerek
de kapasitor gerilimini bulabiliriz.

1

V,(s) =—=5—=-V(s)
R+Ls+—
Cs

Bu ornekte tek cevreli bir elektriksel devremiz vardi, fakat cogu
elektriksel devreler birden cok dongu icerirler. Cok cevreli devrelerin
transfer fonksiyonlarini elde edebilmek icin:

1. Devre elemanlarinin empedans degerleri yazihr

2. Cevrede akimin yonu secilir

3. Cevrede Kirsof gerilimler yasasi uygulanir

4. Cikisi elde etmek icin denklemler sirasiyla cozulur
5

. Transfer fonksiyonu olusturulur

26 February 2007 Otomatik Kontrol 13
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Ornek: Asagidaki devrede 1,(s)/V,(s) transfer fonksiyonunu

vaZziniz.

V(1) _)
i1(/) i5(1)

Ve

Basslangic kosullarini sifir varsayarak devre elemanlarinin

empedanslarini yazalim

R
Vi(s)

R,

Ve(s)

VW

(s)
11(s) I5(s)

&=

26 February 2007 Otomatik Kontrol
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1. Cevrimde R1,(s)+Lsl,(s)—Lsl,(s)=V(s)
2. Cevrimde |_s|2(5)+R2|2(3)+élz(s)—LSIl(S):O

1,(s) ve L,(s) li terimleri birlikte yazacak olursak;

(R, +Ls)l (s)—Lsl,(s)=V(s)

—Lsl,(s)+(Ls+R, +i)lz(s) =0
Cs

1,(s) i Cozmek icin kramer yasasini kullanacak olursak;

(R, +Ls)

A =
— LS

26 February 2007
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(R, +Ls) V (s)

|2(S):| =

—Ls 0 LsV (s)
A A
Transfer Fonksiyonu: G(s) = \l/z((S))
S
LsV (s)
2
V(s) A (R,+R,)LCs* +(R,R,C+L)s+R,
(s) LCs? I,()
—- . _ -
(R T Ry)LCs” T (R{R,C~ L)s T R,

26 February 2007 Otomatik Kontrol 16
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AX

Solution via Matrix Inverse
If A is nonsingular, we can premultiply Eq. (r 50y by A” ', yielding the solution

x. Thus,

For example, premultiplying both sides of Eq. (r 52) by A™, where

s 7] _[00526 —0.0921]
0.1053  0.0658 |

:
A

x=A"B

8 4

we solve forx = A~ 'B as follows:

x| _ [00526 —0.0921]] 3] _
x| (01053 00658 ] -9

26 February 2007
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(F.53)

(F.54)
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Solution via Cramer’s Rule

Equation (F.53) allows us to solve for all unknowns, x;, where i = 1 to a. If we
are interested in a single unknown, xg, then Cramer’s rule can be used. Given Eq.
(F.50) » Cramer’s rule states that

v = det Ay F e
Y7 detA (F-36)
where A, is a matrix formed by replacing the kth column of A by B. For example,

solve Eq. (F.52) . Using Eq. (F.56) with

[ 5 7] | 3
SR
we find
3 ';f‘
PO e Y (F.5T)
5 7 76
-8 4
5 3
-8 -0 -21 .
Az = = = —0.276
5 7 76
-8 4
26 February 2007 Otomatik Kontrol
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-~

-~

o

\
1. Cevrimdeki

empedanslari
n toplami

_/

~
Ortak

empedanslarin I
toplami

_/

-~

o

-~
2. Cevrimdeki

~
Ortak

empedanslarin
toplami

_/
~

empedanslarin

toplami
_/

/1. Cevrimde )
uygulanan
Gerilimlerin

\_  toplami p.

/2. Cevrimde )
uygulanan
Gerilimlerin

\_ toplami Y.

Cogu zaman transfer fonksiyonunun bulunmasi icin en kolay
yontem cevre gerilimleri degil, nod akimlari yontemidir.
Diferansiyel denklemlerin sayisi gerilimleri bilinmeyen nod’larin

sayisi kadardir. Nod denklemlerini yazarken devre elemanlarini

admitans olarak gostermek kolaylik saglar.
Admitans : Empedansin carpmaya gore tersidir ve Y(s) ile gOsterilir;

26 February 2007
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Nod akimlari ile transfer fonksiyonunu elde edeceksek:

1. Devre elemanlarinin admitans degerleri yazilir

2. Gerilim kaynaklari akim kaynaklari cinsinden
yazilir (Eger kolaylik saglayacaksa)

3. Nod’da Kirgof akimlar yasasi uygulanir
4. Cikigl elde etmek icin denklemler sirasiyla ¢ozaltr

5. Transfer fonksiyonu olusturulur

26 February 2007 Otomatik Kontrol 20
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Ornek: Asagidaki devrede V_(s)/V(s) transfer fonksiyonunu nod

akimlarini kullanarak yaziniz.
Ry Ry

A AVAVAY
v (1) I C =< ve )

Gerilim kaynagini, akim kaynagina empedanslari admitanslara
donuistirelim.
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V(s)G, (D

1(s) =Y (S)V(s)

GV, () 4V, (5) + GolV, (5) Ve (D] =V (55,

Vc(s) nod’'undaki akimlarin toplami:

CsVe (s)+ G, [Vc (s) -V, (s)]=0

V. (S) ve V.(s)’leri duzenleyelim:

(Gl +G, +Li5)v ()~ GV (5) =V (5)G,

~GV, (s)+ (G, +CsN.(s)=0

26 February 2007
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Sirayla ¢cozdugumuzde transfer fonksiyonu:

GlGZ S
Ve(s) _ C
V) (6,+6,)s? + GlGEIC‘:JF Cs f—é
4 N 4 N
1. Nod’a bagh Ortak
admitanslarin |\/ _ admitanslarin V —
toplami L toplami
_/
4 N 4 o)
Ortak 2. Nod’a bagl
= admitanslarin VL-I- admitanslarin VC,:
toplami toplami
o _/ o _/

26 February 2007
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uygulanan
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uygulanan
akimlarin
toplami
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Ornek: Asagidaki devrede cevre denklemlerini yaziniz.

26 February 2007
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1. Cevredeki
empedanslarin
toplami

1. ve 2.
Cevredeki

~ | ortak |
empedanslarin
oplami

1. ve 3.

- | Cevredeki
ortak
empedanslarin
toplami

Iy

Il_

1. ve 2. 1. ve 3.
Cevredeki l.. - Cevredeki 1. —
ortak 2 ortak 3 =
empedanslarin empedanslarin
toplami toplami
2. Cevredeki 2. ve 3.
empedanslarin . - Cevredeki |
toplami 2 ortak 3
empedanslarin
toplami
2. ve 3. 3. Cevredeki
Cevredeki . + empedanslarin 1. —
ortak 2 toplami 3 —

empedanslarin
toplami

(2s+2)1,(s) = (2s+ 1), (s) = 1,(s) =V (s)
—(2s+2)1,(s)+ (9s +1)1,(s) — 4sl,(s) =0

S 1,(s) - 4sl, (s) + 4s+1+% . (s) =0
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4 N
1. Cevrede
uygulanan
Gerilimlerin
toplami
o _/
4 N
2. Cevrede
uygulanan
Gerilimlerin
toplami
3. Cevrede
uygulanan
Gerilimlerin
toplami
o _/
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Mekaniksel Sistemlerin Transfer Fonksiyvonlari

(Duzlemsel Hareket)

Force- Force- Impedance
Component velocity displacement Zu(s) = F(s)/ X(s)
Spring
4‘—> x(7) o
L O =K| v@dr S0 = Kx) K
J(@) 0
K
Viscous damper
= x(1)
o dx(r) :
I - /“) f(f) _ f-,V(f) f( ) - f'l ‘f‘v‘S
Sy
Mass
— = 0 o
o dv(t) L dex(n) 5
- S = M— f() = M— Ms
- S0

Note: The following set of symbols and units is used throughout this book: f(r) =
26 F(HCWtOHb} x(7) = m (meters), W(¢) = m/ 's (meters/second), K = N/ ‘m (newtons/ ‘meter), /,
N-s/m (newton-seconds/ meter), M = k; (kilograms = newton- seconds?; / meter).

N
= 26




Mekaniksel sistemler ile elekriksel sistemler arasinda analoji
olusturmamiz mumkundur.

Ornegin, uygulanan kuvvet, uygulanan gerilimin; hiz, akimin;
yer degistirme de yuk’in karsihgidir.

Mekaniksel Empedans: Z,(S)= &
X (S)
Yay elemani: F(s) = KX (5s)
Sénum elemani: F(s) = f,sX(s)
Kutle: F(s) = Ms*X(s)
26 February 2007 Otomatik Kontrol
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Ornek:

K

iy X(s)/F(s) transfer

000

fonksiyonunu bulunuz.

M 1)

£

RLC devresine benziyor, mekaniksel sistemelerde diferansiyel
denklem hareket denklemi ile yazilir ve bu mekaniksel sistemi

tanimlar.

Elektriksel devrelerde akimin yonunui biz sectigimiz gibi
mekaniksel sistemlerde de hareketin pozitif yonunu belirleriz ve
serbest cisim diyagramini cizeriz.

Serbest cisim diyagraminda cisme etkiyen tum kuvvetler ve
pozitif hareket yonu gosterilir. Kuvvetler zaman tanim
araliginda veya Laplas dontusumu ile(sifir baslangi¢c kosulu
varsayilarak) gosterilebilir.

Newton yasas! uygulanarak, kuvvetler toplanir ve sifira

esitlenir.
26 February 2007
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——— x(1) e X(s)

Kx(Q)«~—1 KX(s) =17

f d(t ) N e il ma (U f5X(s) = M F(s)

dt’

Kuvvetleri toplayip sifira esitleyecek olursak;
Ms?X (s) + f sX(s)+ KX (s) = F(s)
(Ms2 +f,5+ K)X (s) = F(s)
_X(s) _ 1
F(s) Ms°+fs+K

Ms2X(s) o0

M

G(s)

F(s) 1 X(s)
Ms?+ fs+K
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Cogu mekaniksel sistemler, cok cevrimli cok nod’lu elektriksel

devrelere benzemektedir ve sistemi tanimlamak icin birden fazla

diferansiyel denklem gerekir.

Mekaniksel sistemlerde gerekli olan hareket denklemlerinin
sayisl, lineer olarak bagimsiz hareketlerin sayisina esittir.

Lineer bagimsizligin manasi hareket noktasinin diger hareket

noktalari sabitlendigi halde hareket edebilmesidir. Lineer
bagimsizhigin bir diger manasi serbestlik derecesidir.

Eletriksel sistemlerden o6rnek verecek olursdak; iki cevreli bir

devrede her bir akim diger ¢cevrenin akiminin etkisi altindadir.

Egder cevrelerden birini acik devre yaparsak, diger cevrede
gerilim kaynagi varsa o cevrede akim akmaya devam eder.
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. ] x1(7) r x5(1)
ornek: " f(ﬂ_.- e _ _.- |
: | W I Ml_': K, | M 2 _{m\ |
I [ T T [ T 7% [ T 1 N N I O I I
[ T T 1T T [ T 1 )'. R I I j I
i A,

X(s)/F(s) transfer fonksiyonunu bulunuz.
Her iki kitle yatay dogrultuda biri sabit iken hareket ettirilebilecegi
Icin sistemin serbestlik derecesi ikidir.

Iki denklem iki kiitlenin serbest cisim diyagramindan elde
edilecektir.

v - K XiGs) =—]
Eger M,’yi sabit tutup e, fvng 1(8)
M,’i saga dogru hareket o sXi(s) =—;
ettirecek olursak F(s) }_. -— K> X1(s)

Mys2X(s) =—|
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Eger M,’yi sabit tutup
M,’i saga dogru hareket

ettirecek olursak - Ko Xo(s)

M, Uzerine superpozisyon uygulanacak olursa:

(Ky+ Ky) Xi(s) =
(fo T 1,08 X1 () =—] = [ KaXa(s)

Fs) —= | f, sXo(s)

MisX) —]

26 February 2007 Otomatik Kontrol
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Ayni iglemleri M, igin
yapalim:

Eger M,’yi sabit tutup
M,’i saga dogru hareket
ettirecek olursak

Eger M,’yi sabit tutup
M,’i saga dogru hareket
ettirecek olursak

M, Uzerine superpozisyon

uygulanacak olursa:

26 February 2007

ﬁ’zg X5(s) _-_ 5
-— K 3 X ) (T)

f;,BSXz (S‘) -l—

Mys2Xy(s) =—]

K2X1 (5‘) —l- -:

fsXi®) —=

(K2 + K3)X2 (5) --l—

(o, T /o)X (s) e

Mys2Xy(s) ~—

S fu 5 X1 ()
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M +(,+ fg)Js+{K K )X, () fo5-+ K, )X, () =F(s)

~(£,25+ Ko )X, (8) +H{MS” +(f,, + oo +(K, +K; ) X, (6) =0

XZ(S) — G(S) — (fv38+ K2)
F(s) A
A:_Mlsz +( 1:vl_l_ fv3)S+(K1+K2) _( fVBS+K2)
o fstK) M, +( £, + f )5+, + )|
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F(s) (fyns + K X,(s)
— 3 ————— -
A
_ a N
X1 deki f)(rlta\l/ke X2 deki X1’e uygulanan
harekete bagl - —_ Kuvveterin
1 2
empedanslarin fm||oedanslar|n
toplami oplami C)plaml y
. a N
_ | ortak 4| harekete bagl _ .
empedanslarin/>1 empedanslarin|[/*2 — | Kuvveterin
toplami toplami toplami
o _/

26 February 2007
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Ornek:

X3
: __hxl([) 4\ = X2(7)
\llll‘\ll‘\‘\‘l‘\ll.‘.ll.\.ll‘{\‘\‘\‘\‘I‘Il\‘Il\l\.‘\.‘.\‘\‘i‘.\ll‘Il\ll
h,/

Yukaridaki mekaniksel sistemin hareket denklemlerini direk yaziniz.

M2 +( £, + £ )5 +(K, + K, )X, () — K, X, (5) — Fi5X4(5) =0

—K,X,(s) +{|\/|282 ""( o+ 1o )S"' Kz]xz (8)— 1,45%5(8) = F(S)

— £,8%(8) ~ F,i%(8) M5 +(f,+ T, )5[X,(8) — F,i8%,(8) =0

26 February 2007
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Mekaniksel Sistemlerin Transfer Fonksiyvonlari

(Dairesel Hareket)

Torque- Torque-
angular angular Impedance
Component velocity displacement Zy(s) = T(s)/0(s)
(1) 6(1)
: | Spring -t
| : () = KJ w(T)dT () = K6(r) K
| 0
I
: K
Viscous 7(z) 6(1)
] damper
- myaa T(t) = Dw(?) T(r) = Dd?{?) Ds
| I j
| |
L D K \
7(r) 6(1)
Inertia
| dw(?) d? 6 (1) 2
() = J () = J J.
() 7 (7) 72 §

Note: The following set of symbols and units is used throughout this book: 7(f) =N-m
(newton-meters), 0(f)=rad (radians), w(7)=rad/s (radians/ second), K =N-m/rad (newton-
meters/radian), D =N-m-s/rad (newton-meters-seconds/radian), J = kg-m? (kilogram-meters’
_ = newton-meters-seconds?/ radian).
LV roviualy cvuvi Vwiilialin N\l iuvi

Prof.Dr.Galip Cansever
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Dairesel hareket eden mekaniksel sistemler dlzlemsel hareket
eden mekaniksel sistemler gibi ele alinir. Kuvvet’in yerini tork,
duzlemsel yer degistirmenin yerini acisal yer degistirme alir.
Ayrica kitle yerine atalet ifadesi kullanilir.

Serbestlik derecesi ise duzlemsel harekette yer degistirme ile
belirlenirken dairesel harekette donebilme ile belirlenir.

Once, hareket noktalarini sabit tutularak cismi dondurtriz ve
olusacak torklari serbest cisim diyagrami tzerinde gosteririz.

Sonra cismi sabitleyip sirasiyla bitisik hareket noktalari
dondurdlerek olusacak torklar serbest cisim diyagraminda
gosterilir. Her bir hareket noktasi icin bu islemi tekrarlanir.

TUum serbest cisim diyagramlarinda tork’lar toplanir ve sifira
esitlenir.
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Ornek: (1) 81(1) E2(1) Sistemin, 06,(s)/T(s) transfer

_E‘ﬁ AWAr-aa fonksiyonunu yaziniz. Cubuk
her iki taraftan yataklanmisitir
=z a\ \/f\ v ve burulmaya maruz
Bearing Bearing

kalmaktadir. Sag tarafa tork
uygulanirken yer degisrtirme
sol taraftan olculmektedir.

Dy Torsion D5

Burada cubugun burulmasini iki atalet arasinda bulunan yay gibi
dusunebiliriz.

D5
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@, (s) Direction @,(s) Direction — ¢,(s) Direction =]

T8) = /1526, (s) T((@\ J15%61(s)
f@/‘ @ ST

~=  Dys0(s) K6,(s)
K& (s) KO, (s) _
J, Uzerindeki J,’nin J, Uzerindeki J,’nin KG5(s)
hareketiyle olusan hareketiyle olusan J, Uzerindeki olusan
Torklar Torklar toplam Torklar
&,(s) Direction 0,(s) Direction &,(s) Direction
K&,(s)
K6O(s)
( . 5265(5) ’_*L F:\ J>5265(s)
@/‘ Dy565(s) @ 4 Dys0,(s)
- Ny
K6,(s) K65(s)
J, Uzerindeki J,)nin 3 {jzerindeki J,’nin . .

Torklar Torklar toplam Torklar
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Her iki ataletteki torklari topladigimizda, hareket denklemini elde
ederiz:

(Jls2 +D,s+ K)@l(s) —K8,(s) =T(s)

~KO,(s)+(3,52+D,s+Kg,(s) =0

6,(s) K

7(s) | 6209)
T(s) A 1 A =
(3,57 +D,s+K) K
A =
K (3,82 +D,5+K)
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6, deki

harekete bagl 91 -
empedanslarin
toplami

6, ve 6, deki
ortak
empedanslarlnel
toplami
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8, ve 6, deki

ortak —
empedanslarin| -2
toplami

6, deki
harekete bagl

empedanslarin|~2

toplami
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6,’e uygulanan

Torklarin

toplami

o

-~

6,’e uygulanan
Torklarin

toplami

o

~

_/

~
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Ornek:

D,

(1)

0,(1)

Hareket denklemlerini direk yaziniz.

8, deki

harekete bagl 91 -

empedanslarin
toplami

6, ve 6, deki
ortak

toplami

- [ 6, ve 6, deki
ortak
empedanslarin
toplami
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empedanslarin el +

6,

6, ve 6, deki

ortak
empedanslarin | 2
toplami

6, deki
harekete bagl
empedanslarin
toplami

6, ve 6, deki
ortak

toplami

empedanslarin e2

8, ve 6, deki
ortak
empedanslarin
toplami

6, ve 6, deki
ortak

0,

empedanslarin e3

toplami

6, deki
harekete bagl
empedanslarin
toplami
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4 N
6,’e uygulanan
Torklarin
toplami

o _/

4 N
6,’e uygulanan
Torklarin
toplami

o _/

4 N
6;’e uygulanan
Torklarin
toplami

o _/
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(J132 +D,s+ K)Hl(s) —~K8,(s)-00,(s) =T (s)
— K8, (s) +(st2 +D,s+ K)é’2 (s)-D,s8,(s) =0
—006,(s) - D,s8,(s) + (J352 +D,S+ Dzs)é’g(s) =0
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52 Chapter 2 Mathematical Models of Systems

oscillation in which the amplitude decreases with time, and it is called a damped
oscillation.

The direct and clear relationship between the s-plane location of the poles
and the form of the transient response is readily interpreted from the s-plane pole-
zero plots. Furthermore, the magnitude of the response of each root, represented
by the residue, is clearly visualized by examining the graphical residues on the s-
plane. The Laplace transformation and the s-plane approach is a very useful tech-
nique for system analysis and design where emphasis is placed on the transient
and steady-state performance. In fact, because the study of control systems is con-
cerned primarily with the transient and steady-state performance of dynamic sys-
tems, we have real cause to appreciate the value of the Laplace transform
techniques.

The Transfer Function of Linear Systems

The transfer function of a linear system is defined as the ratio of the Laplace trans-
form of the output variable to the Laplace transform of the input variable, with
all initial conditions assumed to be zero. The transfer function of a system (or
element) represents the relationship describing the dynamics of the system under
consideration.

A transfer function may only be defined for a linear, stationary (constant
parameter) system. A nonstationary system, often called a time-varying system,
has one or more time-varying parameters, and the Laplace transformation may
not be utilized. Furthermore, a transfer function is an input-output description
of the behavior of a system. Thus the transfer function description does not
include any information concerning the internal structure of the system and its
behavior.

The transfer function of the spring-mass-damper system is obtained from the
original describing equation, Eq. (2.19), rewritten with zero initial conditions as
follows:

Mg Y(s) + f5Y(s) + KY(s) = R(s). (2.38)
Then the transfer function is
Output Y(s) 1
— —) — 5 4 2.39
Input o) R(s) Ms+f+K §2-39)

The transfer function of the RC network shown in Fig. 2.12 is obtained by
writing the Kirchhoff voltage equation, which yields

e ( R+ cls) 1(s). (2.40)

The output voltage is

Vi(s) = ;(S)(é), 2.41)
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R

Figure 2.12. An RC network.

Therefore, solving Eq. (2.40) for I(s) and substituting in Eq. (2.41), we have
R+ 1/Cs ~
Then the transfer function is obtained as the ratio Vy(s)/V(s), which is

Vds) . 1
Vi(s) RCs+ 1

Vi(s) = (2.42)

G(s) =

= (2.43)

s+ 1/7°
where r = RC, the time constant of the network. Equation (2.43) could be imme-
diately obtained if one observes that the circuit is a voltage divider, where
Vis) = Zy(5)
Vi(s)  Z(s) + Zys)

(2.44)

and Z(s) = R, Z, = 1/Cs.

A multiloop electrical circuit or an analogous multiple mass mechanical sys-
tem results in a set of simultaneous equations in the Laplace variable. It is usually
more convenient to solve the simultaneous equations by using matrices and
dt_!_tenninams [1, 3, 16]. An introduction to matrices and determinants is pro-
Vided in Appendix C [45].

n Example 2.2 Transfer function of system

Consider the mechanical system shown in Fig. 2.13(a) and its electrical circuit

_“?1310% _Shown in Fig. 2.13(b). The electrical circuit analog is a force-current analog

AS outlined in Table 2.1. The velocities, v,(¢) and v(¢), of the mechanical system

aied d‘_"ectl)’ analogous to the node voltage v,(¢) and v4(¢) of the electrical circuit.
1€ Simultaneous equations, assuming the initial conditions are zero, are

M

MsV\(s) + (fi + 2)Vi(s) — £iVa(s) = R(s), (2.45)
MysV,(s) + fi(Va(s) — Vi(s)) + Kﬁg = [, (2.46)
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Figure 2.13. (a) Two-mass mechanical system. (b) Two-node electric circuit analog C, =
M, Cy= M, L=1K R =1/, R, = |/f2

Rearranging Eqgs. (2.45) and (2.46) we obtain
(Mis + (fi + L)Vils) + (=f)Vals) = R(s), (2.47)

(=A)Vi(s) + (Mzs +fi+ %) Viy(s) = 0, (2.48)

or, in matrix form, we have

(Ms + fi + 1f2) (=) [V,(s)] _[R(s)]
(=) Mas +fi + 5 } syl = & g | (2.49)

Assuming the velocity of M, is the output variable, we solve for ¥/,(s) by matrix
inversion or Cramer’s rule to obtain [1, 3]

(Mys + /i + (K/$)R(s)
(Mys + fi + L) Ms + fi + (K[s)) — f1°
Then the transfer function of the mechanical (or electrical) system is
Vi(s) o (Mys + fi + (KJs))
R(s) (M5 + f, + [)(Mss + f, + (K/s)) — f3 (2.51)
¥ (M,s* + fis + K)

T (Mis + fi + XM + fis + K) —

If the transfer function in terms of the position x () is desired, then we have
Xi(s) _ Vi(s) _ Gs)
R(s)  sR(s) s

Vi(s) = (2.50)

G(s) =

(2.52)
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As an example, let us obtain the transfer function of an important electrical
control component, the dc motor [7].

@ Example 2.3 Transfer function of dc motor

The dc motor is a power actuator device that delivers energy to a load as shown
in Fig. 2.14(a) and a sketch of a dc motor is shown in Fig. 2.14(b). A cutaway
view of a pancake dc motor is given in Fig. 2.15. The dc motor converts direct
current (dc) electrical energy into rotational mechanical energy. A major fraction
of the torque generated in the rotor (armature) of the motor is available to drive
an external load. Because of features such as high torque, speed controllability
over a wide range, portability, well-behaved speed-torque characteristics, and
adaptability to various types of control methods, dc motors are still widely used
in numerous control applications including robotic manipulators, tape transport
mechanisms, disk drives, machine tools, and servovalve actuators.

The transfer function of the dc motor will be developed for a linear approx-
imation to an actual motor, and second-order effects, such as hysteresis and the
voltage drop across the brushes, will be neglected. The input voltage may be
applied to the field or armature terminals. The air-gap flux of the motor is pro-
portional to the field current, provided the field is unsaturated, so that

¢ = Kiiy (2.53)

The torque developed by the motor is assumed to be related linearly to ¢ and the
armature current as follows:

Tm = Kl¢£u(£) =t KEKJ’I]{I)!H(I} (2’54)

Ry Stator winding

Rotor windings

Ld
R'.f Bearings
+ 3
V! L,

7= Brush
%(‘ Inertia = J \ Stator winding
£

Friction = f Commutator
“! P
ield

fp(r) _
Inertia
Load

load
Angle,
a

(a) (b}

‘ Figure 2.14. A dc motor. (a) Wiring diagram. (b) Sketch.
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Alnico field magnets Ironless low-inductance armature
for high power/weight ratio

Machined solid copper commutator
for extended brush life

Long-life brushes

Rigid dish shape
for armature integnity

Lifetime lubricated bearings

Custom shafts available
for critical design criteria

Cast aluminum housing Wire windings embedded in epoxy
for full environmental protection gives high dielectric strength

Flat shape for Forced ventilation optional

compact configurations for increased performance

Figure 2.15. A pancake dc motor with a flat wound armature and a permanent magnet
rotor. These motors are capable of providing high torque with a low rotor inertia, A
typical mechanical time constant is in the range of 15 ms. (Courtesy of Mavilor Motors.)

It is clear from Eq. (2.54) that in order to have a linear element one current must
be maintained constant while the other current becomes the input current. First,
we shall consider the field current controlled motor, which provides a substantial
power amplification. Then we have in Laplace transform notation

T,”(S) e (KIKI"IH)!((S) _ Kp,,[;"(s)-. {255]

where i, = [, is a constant armature current and K, is defined as the motor con-
stant. The field current is related to the field voltage as

Vi(s) = (R, + Ls)I(s). (2.56)

The motor torque T,,(s) is equal to the torque delivered to the load. This relation
may be expressed as

T,(s) = T (s) + Tu(s), (2.57)
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", (s) is the load torque and T,(s) is the disturbance torque, which is often
However, the disturbance torque often must be considered in systems
external forces such as antenna wind-gust forces. The load torque for
inertia as shown in Fig. 2.14 is written as

T,(s) = Js*0(s) + f56(s). (2.58)
Egs. (2.55), (2.56), and (2.57), we have
Ty (s) = T,(s) — Tu(s), (2.59)
T,(s) = Kl (5), (2.60)
I(s) = R—E% (2.61)
the transfer function of the motor-load combination is
0(s) _ K,
Vi(s) s(Js+ f)Ls + R) (2.62)
K,./JL,

TS+ 0 + RJL)

diagram model of the field controlled dc motor is shown in Fig. 2.16.
ively, the transfer function may be written in terms of the time constants
otor as

L) IR K, /fR,
Vo s e D

LJ/R;and 7, = J/f. Typically, one finds that v, > r,and often the field
may be neglected.

ture controlled dc motor utilizes a constant field current, and there-
- torque is

(2.63)

T,.(s) = (KK A)L(s) = K,1.(s). (2.64)
e current is related to the input voltage applied to the armature as
Vi(s) = (R, + Las)(s) + Vi(s), (2.65)
Disturbance
Td(-?)
_ Field Load _ Speed
! Ifm‘_ K Tr(s) AN Tyls) 1 w(s) 1 Position
Re+ L ) + Is+f s oﬁﬁ:)ul

Figure 2.16. Block diagram model of field controlled dc motor.
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where V(s) is the back electromotive-force voltage proportional to the motor
speed. Therefore we have

Vi(s) = Kyw(s), (2.66)
and the armature current is

_ Vus) = Kyo(s)

1 =
«(8) (R, ¥ L.5) (2.67)
Equations (2.58) and (2.59) represent the load torque so that
T.(s) = Js*0(s) + fsb(s) = T,(s) — T,(s). (2.68)

The relations for the armature controlled dc motor are shown schematically in
Fig. 2.17. Using Eqs. (2.64), (2.67), and (2.68), or, alternatively, the block dia-
gram, we obtain the transfer function

_ ) K,

T V(s)  S[(R, + Ls)Js + f) + K,K,]
— K""
T 88+ 2,8 + )

However, for many dc motors, the time constant of the armature, 7, = L/R,, is
negligible, and therefore

5 H(S) e Km - [Km/(-Ru.f_l_ Kme)]
Vis)  s[R.(Js + f) + K,K,] s(ris + 1) '

where the equivalent time constant 7, = R, J/(R.f + K,K,,).

It is of interest to note that K, is equal to K. This equality may be shown by
considering the steady-state motor operation and the power balance when the
rotor resistance is neglected. The power input to the rotor is (K,w)i, and the power
delivered to the shaft is 7w. In the steady-state condition, the power input is equal
to the power delivered to the shaft so that (K,w)i, = Tw; and since T = K,,i, (Eq.
2.64), we find that K, = K.

Electric motors are used for moving loads when a rapid response is not

G(s)

(2.69)

G(s)

(2.70)

Disturbance
Td(i}
Armature Speed
Fa(s} = Fe T,,(5) _/-1\ Ti(s) I; wis) . -]_ i PCISI'tIiO‘ﬂ
Ry + Lys $\_J Js+f § (s)
Ky
Back emf

Figure 2.17. Armature controlled dc motor.
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and for relatively low power requirements. Actuators that operate as a
f hydraulic pressure are used for large loads. Figure 2.18 shows the usual

use for electromechanical drives as contrasted to electrohydraulic
ypical applications are also shown on the figure.

ample 2.4 Transfer function of hydraulic actuator

actuator for the linear positioning of a mass is the hydraulic actuator
able 2.6, entry 9 [10]. The hydraulic actuator is capable of providing

amplification. It will be assumed that the hydraulic fluid is available
‘constant pressure source and that the compressibility of the fluid is neg-
downward input displacement, x, moves the control valve, and thus
Ses into the upper part of the cylinder and the piston is forced downward.
, low-power displacement of x(r) causes a larger, high-power displace-
The volumetric fluid flow rate Q is related to the input displacement
ﬂl& differential pressure across the piston as Q = g(x, P). Using the
series linearization as in Eq. (2.11), we have

- (% %)
Q (6X).ruPn L (aP PBXUP (2.71)

k.x — kpP



Table 2.6. Transfer Functions of Dynamic Elements and Networks

Element or System G(s)

1. Integrating circuit

R
u V'Y l Vi(s) 1
Vis) & Vas) S

d =i Vi(s) RCs+ 1
2. Differentiating circuit
- yLE 1LY
71 Vis) _  RCs
Vi RS Vi) V() " RGs + 1

Va(s) s+ 1/R,C
Vis) s+ (R + R)/RR,C

Vis) _ (1 + st )1 + s7)
Vi(s) T TS + (7, + 7 + Ta)s + 1
_ (1 + st )L+ s)
T (1 + sn)( + sm)

0(s) _ K,
Vi(s) — s(Us + f)Lss + Ry)

0(s) _ K,
Vis) SR + LSYJs + f) + KiKy

(11}



Continued
Element or System =

r, two-phase control field

ﬂ(s) K.
Vis)  s(rs + 1)

CQ) e A2
m S m = slope of linearized torque-speec
| field

i curve (normally negative)

Vi) _ _ (K/RR)
V,(5) VC(S) (ST: + I)(S‘i's 4= l)
= LJ/R, 7,= L,,/Re
Forthe unloaded case, i; = 0, r, =~ 1,
0.05 sec < 7, < 0.5 sec

s iator

x(t), Control valve
l displacement

Yo) K
X(s)  s(Ms + B)

Ak, A
K= = =
%Y (f & kﬂ)
-‘7"_3, .
Bx xo, e 3}’ Pg’

7 & = g(x, P) = flow
Load  y(f) A = area of piston

k,"-

Gearratio = n = —

Nzer. =7 M.aun 8.{. = nsm

Wy = Nw,,
V) _ R _ R,
Vis) R R +R;
. g N
F o ™

Continued
1



Table 2.6.—Continued

Element or System

G(s)

12. Potentiometer error detector bridge

6,
4 qTEM_:J
! Vls)
-0 Error
voltage
13. Tachometer
Shaft
S
8(s), wls) ¥a(s)
14. dc-amplifier
+o— ot
Vi) Vals)
— o
15. Accelerometer
Frame
“ xi“{ f}
D o ¥

Mass

16. Thermal heating system

%/ Fluid out

Heater

Vas) = kf0i(s) — 8,(s))
VE{S) e ksﬂen'or(s)

k - Vbnnery

ama;

Vis) = Ko(s) = K sb(s);

K, = constant
VI(S) it ku
Vi(s) st + 1
R, = output resistance

C, = output capacitance
r=RC,7«1
and is often negligible for

servomechanism amplifier

X(f) = 1) — xul2),

XLs) _ —s?

Xols) s+ (fIM)s + K/M

For low-frequency oscillations, where w
< wﬂ!

Xge) | &
Xo(jw)  K/M
7(s) _ 1

where

as)  Cs+ (0S+ I/R)’
T =1, — 7, = temperature difference
due to thermal process
C, = thermal capacitance
QO = fluid flow rate = constant
§ = specific heat of water

R, = thermal resistance of insulation

g(s) = rate of heat flow of heating element

62
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= g(x, P) and (x, Py) is the operating point. The force developed by the
‘on is equal to the area of the piston, 4, multiplied by the pressure,
force is applied to the mass, and therefore we have

oo dly o dy
AP =M= +f—. 2.72)

Jbstituting Eq. (2.71) into Eq. (2.72), we obtain

A L aaldh Ly
kp (kxx Q) =M dt’ +fd! ¥ (273)
the volumetric fluid flow is related to the piston movement as
dy
Q=4 R (2.74)
ituting Eq. (2.74) into Eq. (2.73) and rearranging, we have

Akl @ A*\ dy
kpx_Mdt?+(f+kp)dt' (2.75)

using the Laplace transformation, we have the transfer function

Y{s) . K
X(s)  s(Ms + B)’

(2.76)

AI
% and B = (f+k_p)'

he transfer function of the hydraulic actuator is similar to that of the
tor. Also, for an actuator operating at high pressure levels and requir-
response of the load, the effect of the compressibility of the fluid must
T[4, 5.

SI units of the variables are given in Table B.1 in Appendix B. Also a
- set of conversion factors for the British system of units are given in

transfer function concept and approach is very important because it pro-
analyst and designer with a useful mathematical model of the system
We shall find the transfer function to be a continually valuable aid in
Pt 1o model dynamic systems. The approach is particularly useful since
ne poles and zeros of the transfer function represent the transient

f the system. The transfer functions of several dynamic elements are
n Table 2.6.
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