The Use of Eigenvalues
Solution of linear differential equations
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where Aj,Az,... Ay, are eigenvalues and X,Xa,... Xy,
are eigenvectors of the matrix A. C;,C,...C, are
constants that is related to the initial conditions.

Example AE-782 Find the solution of the following
differential equation.
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Eigenvalues and eigenvectors of the matrix A is

M=7.47, W=4.03, 05=-3.15, H=-0.35,
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or

0, () =-C,82¢™* +C,7e™ -C;7.2¢7" - C,9.48¢
0, (1) =-C,5.4e"* +C,1.3¢™ +C;6.7¢>" +C,2.7¢
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Example AE-783 Find the solution of the the
differential equation 3—? =4q with the initial

condition q(0)=2;

Solution: q(t)=Ce"' replace t=0.
q(0)=Ce*°

replace q(0)=2
2=Ce’ — C=2

Thus the solutionis  q(t)=2¢™

Example AE-784 Find the solution of the the
differential equation d—? =5q with the initial

condition q(1)=3;
Solution: q(t)=Ce™ replace t=1.
q(1)=Ce’'
replace q(1)=3
3=Ce’ — C=3e¢7=3 0.0067= 0.0202
Thus the solutionis  q(t)=0.0202¢™

Example AE-785 Find the solution of the following
differential equation.

s 27p
= with initial condition p(0)=60,



. 7 —4.4
Solution A,;=2, 1,=8, X1=[7 }, XFL }

p(t)=-7C1e* - 4.4C,e™
q(t)=7C e - 9C,e™
replace t=0
p(0)=-7C1e*"- 4.4C,e"°
q(0)=7Ce*?- 9C,e*°

60=-7C,-4.4C,
20:7C1 - 9C2

C1=—6.7 C2=—3

Thus the required solution is

p()=-7 6.7 - 4.4(-3) e*=-46.9¢"— 13.2 "
q(t)=7 6.7¢* - 9(-3) e¥=46.9¢* — 27 &™

Example AE-786 Find the solution of the following
differential equation.

el ol 4 2 |p
with initial condition p(0)=1,

q(0)=2;
Solution:
Eigenvalues and eigenvectors are

1 1
M=5+1, L=5-1, Xi= |, Xo= )
1-1 1+1

Thus the solution is

p(t)=C, 1e® 4+ C, 1eCM

qt)=C, 1-i)e®" 1 (1+i)C, e
Now find the constant coefficients C; and Cs.

It is given that p(0)=1 and q(0)=2. Thus replace t=0
in the solution equations

p(0)=C,1e™M0 1 C 1eM  or
1=C+C,

q0)=C, (1-i)e 4+ (1+i)C, e or
2=C, (1-H+(1+01)C,

From the first equation C,=1-C,
Substitute this C; value into second equation
2=(1-C,)A-D+(1+1)C,
2=(1-i)—-(1-1HC, +(1+1)C,
2=(1-i)+2i C; — C, = % ~0.5—0.5i

|
Ci=1-C>=1-(0.5-0.51)=0.5+0.51
Thus the solutions is

p(t) = (0.5+0.51) et 1+ (0.5-0.51) 1

a(t) = (0.5+0.5i) (1 - 1) e + (0.5 - 0.51)(1 +)e ™"

Note
p(t) =(0.5+0.5) e + (0.5-0.51) 1
=(0.5+0.51) e +(0.5-0.5i) e’e ™
=e*((0.5+0.5i)e" +(0.5-0.51) 1)
—e%(0.5e" +0.5e ™ +0.5i " —0.5ie")
—e™ (O.S(eit +e ")+ 0.5 (" —e™ ))
It et it it
=cost

replace =sint

2i
=e™(0.5(2 cost) + 0.5i (2isint))
—e”'(cost —sint)
In a similar manner
q(t)=(0.5+0.51) (1—i) e +(0.5-0.5i)(1 +i)e"™"
_ g+t g5 _ g3t (git 4 gty _ a5t ot
Result the solution is

p()=e* (cost —sint)  q(t)=2¢'cost

Example AE-786 Find the solution of the following
differential equation.
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Solution: A=7, A;=1.5+31, A,=1.5-3i,

0 —658-1.09 —658+1.09
Xi=1], X=|35+013 |, X5=[35-013 |,
0 651 —65i

p(t)=C,e” +e' " (Acos3t + Bsin3t)
q(t)=C,e" +e'"(Dcos3t + E sin 3t)
r(t)=Cse’ +e'*"(F cos3t + Gsin 3t)






