
The Use of Eigenvalues  
 Solution of linear differential equations 
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In general  
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The solution is given by  
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where λ1,λ2,… λn, are eigenvalues and  X1,X2,… Xn,  
are eigenvectors of the  matrix A.  C1,C2,…Cn are 
constants that is related to the initial conditions.  
 
Example AE-782  Find the solution of the following 
differential equation. 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

n

dt

dq
dt

dq
dt

dq
dt

dq

q
q
q
q

3

2

1

4

3

2

1

1-    7      0       1-
0     3      0    0.5-
21     30-   3        4
7    12-    7        3

 

Eigenvalues and eigenvectors  of the matrix A is  

λ1=7.47,  λ2=4.03,  λ3=-3.15,    λ4=-0.35,   
                                                              

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

0.66-
1.42-

2.77
9.48-

,

1.44-
0.59-

6.76
7.2-

,

6.13-
3.41-

1.32
7

,

1.73
  0.92

5.4-
 8.2-

4321 XXXX

 
 

t
C

t
C

t
C

t
C eeee

q
q
q
q

35.0
4

1.3
3

4
2

4.7
1

4

3

2

1

0.66-
1.42-

2.77
9.48-

1.44-
0.59-

6.76
7.2-

6.13-
3.41-

1.32
7

1.73
  0.92

5.4-
 8.2-

−−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

 
or 

 9.48eC-7.2eC-7eC8.2e-C)( -0.35t
4

-3.1t
3

4t
2

7.4t
11 +=tq

 2.7eC6.7eC1.3eC5.4e-C)( -0.35t
4

-3.1t
3

4t
2

7.4t
12 +++=tq

q3(t)= 
q4(t)= 
 
Example AE-783  Find the solution of the the 

differential equation  q
dt
dq 4=    with the initial 

condition q(0)=2;  
Solution:  q(t)=Ce4t  replace t=0.  
           q(0)=Ce4 0 

replace q(0)=2 
          2=Ce0  → C=2   
Thus the solution is     q(t)=2e4t 
 
Example AE-784  Find the solution of the the 

differential equation  q
dt
dq 5=    with the initial 

condition q(1)=3; 
Solution:  q(t)=Ce5t  replace t=1.  
           q(1)=Ce5 1 

replace q(1)=3 
          3=Ce5  → C=3e-5=3 0.0067= 0.0202   
Thus the solution is     q(t)=0.0202e5t 
  
Example AE-785  Find the solution of the following 
differential equation. 
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24
 with initial condition p(0)=60, 

q(0)=20; 



Solution λ1=2,  λ2=8,   X1= ⎥
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p(t)=-7C1e2t - 4.4C2e8t 

q(t)=7C1e2t - 9C2e8t 

replace t=0  
p(0)=-7C1e2 0 - 4.4C2e8 0 

q(0)=7C1e2 0 - 9C2e8 0 

 
60=-7C1

 - 4.4C2
 

20=7C1
 - 9C2

 

 
 C1=-6.7     C2=-3 
Thus the required solution is  
p(t)= -7  6.7  e2t - 4.4(-3) e8t=-46.9e2t – 13.2 e8t 

q(t)=7  6.7e2t - 9(-3) e8t=46.9e2t – 27 e8t 

  
Example AE-786  Find the solution of the following 
differential equation. 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

q

p

dt
dq
dt
dp

61

24
 with initial condition p(0)=1, 

q(0)=2;  
Solution:   
Eigenvalues and eigenvectors  are  
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Thus the solution is  
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Now find the constant coefficients C1 and C2.  
It is given that p(0)=1 and q(0)=2. Thus replace t=0 
in the solution equations  
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 From the first equation  C1=1-C2 
Substitute this C1 value into second equation  
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Example AE-786  Find the solution of the following 
differential equation. 
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Solution:  λ1=7, λ1=1.5+3i,  λ2=1.5-3i,   
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